Krzysztof Lipinski

Fundamentals of classical
and analytical mechanics

Gdansk 2021



GDANSK UNIVERSITY OF TECHNOLOGY PUBLISHERS
CHAIRMAN OF EDITORIAL BOARD
Dariusz Mikielewicz

REVIEWER
Edmund Wittbrodt

COVER DESIGN
Ireneusz Jelonek

Published under the permission
of the Rector of Gdansk University of Technology

Gdansk University of Technology publications may be purchased at
https://www.sklep.pg.edu.pl

No part of this publication may be reproduced, transmitted, transcribed,
stored in a retrieval system or translated into any human or computer language
in any form by any means without permission in writing of the copyright holder.

© Copyright by Gdansk University of Technology Publishing House,
Gdansk 2021

ISBN 978-83-7348-831-1



CONTENTS

PIETacE ..oveeiiiieieie e 7
T INErOdUCTION ... ..o 11
2. Theory Of VECTOIS .......cc.cocuiiiiiiiiieiieetce ettt 15
2.1. Basic Properties and OPerations ...........ccecueeeeruierieeriesieseenieeieseeseeenieeee e 19
2.2. Scalar Product 0f VECLOTS ........ccuiviiiiieiieiiciecieeie et 27
2.3. Vector product Of VECTOTS ....c.eviiiiieiieieiie ettt s 33
2.4. Triple Scalar Product...........ccciviiiieiieiicie e 41
2.5. Triple Vector ProdUCE .........c.cociiiiiiiiieeiieeieeee e 44
2.6. Vector-valued FUNCHIONS .......c.oooiiiieiiieiiciecieceie e 45
3. Kinematics of particles ... 47
3.1, POSIHION VECTOT ..veiviiiiieeiiiiieitieieeie ettt ettt et eesae s e reebeenseeneeseeenns 48
3.2. Main cases of dedicated and limited sub-problems ...........cccccoeveerveviirienncnne. 49
3.3. Vector of lINEar VEIOCILY .....ocvvevvieiieieiieiieieeie et 50
3.4. Vector of linear acCeleration ..........ccocceveerieeienienieneeeee e 52
3.5. Kinematics expressed in curvilinear coordinates............coceeevereerieeieneenneene. 52
3.6. Trajectory attached coordinates and Frenet’s trihedron..........c.ccccevenenrnenne. 53
3.7. Velocities and accelerations expressed in the intrinsic coordinate
system (in the tangent/normal coordinates)..........ccecveevveeeereeneeieeseeseenreenne. 56
3.8. Polar Coordinates .........c.coevieriirinininieieiecenesese sttt 65
3.9. Cylindrical CoOrdiNates ...........cceevuieierieriierieeieeieseenieere e eeee e ebe e eneeseee e 69
3.10. Spherical COOTAINALES ........cc.eevevieriieiieeiieeiee ettt eeeaaesreesbeeseaeeeneens 71
3.11. Relative motion, transport motion and the transport theory ..............ccoc....... 77
4. Dynamics of particles............cooccooiiiiiiiiiiiii e 93
4.1. Newton’s first law of mechanics and inertial frames of reference ................. 94
4.2. Newton’s second law of mechanics; inertia; masses and forces..................... 94
4.3, Static eqUILTDITUML......ociiiiieiieie ettt e et steebeeeveeeae 96
4.4, KINETOSTATICS +eeuveeurirurertieiieieeteeitesteete et st stee st et seeesbtenteenteentesetesbeeseennesaeens 96
4.5. Dynamics in noninertial reference Systems ...........ecceevvereereecienieneenieenieenns 97
4.6. Relative equiliDITUML......oouiiieeieieiecescce e 100
4.7, LINCar MOMENTUITL......c.eeitteieereeeieeteeteeteeetesteenteenseeneesseesseeseensesneesseensesnsesseens 100
4.8, ANgUIar MOMENTUIN .....eevvieiieiieeieetieteeteeteeteesteesteeeeeeeeesteeseesesreesseenseensessnens 103
4.9. WOTK and ENETEY ...ecuvireiiiieiieieeiieeteeieete ettt sttt sttt seee 105

4.10. Variable mass objects and their dynamics equation............cecceeevevverieeciennnnne 115



4

5. Spherical motion of rigid bodies ...................ccoeoiiiiiiiiii e, 118
5.1. Direction COSING MALIIX . ......ecueueriertirierterieniieiieieteniente e stesteeteeteeneeeeeeneesaenees 119
5.2. Attitude parameters in description of spherical motion ..........cccceeceevveveennne. 120
5.3  BUler’S ANGIES ....vieuiiiiiiiieiieieee et 124
5.4. Transformation matrices related to individual Euler’s angles ....................... 126
5.5. Coordinates of vectors resolved in different frames ...........ccccooovevereeneenneene 128
5.6. ANGUIAT VEIOCTLY ..vviiviiiieiieiieie ettt 129
5.7. Angular velocities of Euler’s angles ..........ccccccevievieiiiiiiiiiecieeeeeeeeee 131
5.8. Linear velocities of points of the moving body .........cccccevvevieiiiiiiiinieee 137
5.9. Angular aCCEIETAtION .......ccuvevieiiiieieieiieieeie et 140
5.10. Linear acceleration of points of the moving body .........ccceeveviriirnnennnnene 141
5.11. Conical surfaces formed by instantaneous axes of angular velocity ............ 145
5.12. SteadY PrECESSION....ccuvieieiieiiieiieetieereesteesaeesereeteeesaesseeseseessseessseaseesseeans 148
5.13. Angular momentum of body in spherical MoOtion ..........ccceeveveeviereeneennnne. 156
5.14. Time derivative of angular MOMENTUIM ........ccooverveeiirierienieeeeie e 163
5.15. DYNamics €QUALIONS .....ecueererreriieniieiieieseientteteeeeetesieesseeseenseeneesneesseenseenes 166
5.16. KINEHIC @NETEY ..eovvieviieieiieiieiiesiieeiieiteeieeeteetee e esteeaesseesseesseenseensesseenseenseenes 170

6. General motion of rigid bodies ... 173
6.1. Parameters of the general displacement ..............cooceeviiiiniiniiniiiiieeee 174
6.2. Linear velocity and linear acceleration of generic point

Of the MOVING DOAY ..o e 175
6.3. Linear momentum of 1igid body ........cccevieriieiiiiiiiniiiceeeee e 178
6.4. Angular momentum of rigid body ........cccceeviieeiiiiiiiiie 180
6.5. DyNamics @qUALIONS ........cecueruieriieriieieeiieieeie ettt ettt et e s sae e ene 182
6.6. KINETIC CNETEY ..evveevieiieiieiie ettt ettt et eteeeesteesteetesaeeseesseenseensesseesaeenseenes 188

7. Simplified theory of gyroscope..............coooiiiiiiiiiiiiiie e 193

8. Lagrange proposed reformulation of mechanics .................c.ccccooiiiinninn.. 202
B L. OTIZINS. ¢ttt ettt ettt et ettt et e sttt enee s st e bt enbeenbeeneesneeaeenseenes 202
8.2, CONSIIAINES ...eeeeiiieieiteeti ettt ettt sttt ettt ettt st sttt ene e st eneeneenaenees 204
8.3. Free and constrained mechanical SyStems ..........ccccoevuerienierieienienieneeeee 209
8.4. Main categories Of CONSIIAINTS ......cceevvierierieriieiieie ettt 209

8.4.1. Unilateral and bilateral CONStraints ...........ceceveereeerierieenieneeneeieseeeen 209
8.4.2. Scleronomous and rheonomous CONSLrAINES. .....ccuevverververeeeveeeeerienienne 211
8.4.3. Holonomous and non-holonomous constraints............c.cceeceereeruernennee. 213
8.4.4. Holonomous and non-holonomous mechanical systems ..................... 218
8.4.5. Total, partial and rigid-body constraints ...........cccceeevveerivenvenennennennnn. 218
8.4.6. Ideal and real CONSLIAINTS ......ccuerueriiriieieieieieneeeee e 219
8.5. Position based equations and their velocity based alternatives ...................... 222
8.6. Physical quantities used to describe poses of mechanical system.................. 225

8.6.1. Degrees of freedomi.........ccvveiiiiiiieiece e 225



8.6.2. Generalizes COOrdinates .........ccuecvevuerierierenenininieierererese et 225
8.6.3. Functions that correlate different forms of generalized coordinates..... 229
8.6.4. Equations that correlate Cartesian coordinates and generalized
COOTAINALES ..ottt ettt ettt ettt et sbe st enea 230
8.6.5. CONMIGUIAtION SPACE ...eevuvieirreiieeiieeiieeieesieeeieeeteeeseesseeseneessneeseeenneas 232
8.7. Virtual displacement and the virtual work principle.........ccccevveviiieniennennne. 233
8.7.1. Admissible and non-admissible displacements of mechanical
1S 10 OO P PRSPPI 234
8.7.2. Virtual displacements........c..ccuevieriieiiieiiieieniieieeee e 234
8.7.3. Fields of correlated virtual displacements ............ccccoevevieriircieneennennne. 237
8.7.4. Virtual displacements resulting of spherical motion of rigid body....... 243
8.7.5. Virtual displacements and virtual works of real forces..........c.ccoeunee... 247
8.7.6. The virtual work principle ..........cocevereriririeieeeeeee e 248
8.7.7. Equilibrium of rigid body — conditions resulting from the virtual
WOTK PIINCIPIE ©oiviiiiiiieiieiie ettt 250
8.7.8. Virtual displacements of generalized coordinates............cccccecvervennennee. 252
8.7.9. Changes of Cartesian components associated to virtual
displacements of generalized coordinates ............cccceevevveriirveneenneenne. 254
8.7.10. Generalized forces and their rearranged virtual work formula .......... 257
8.7.11. Generalized forces for systems acted upon by conservative forces ... 261
8.7.12. VIrtual VEIOCItIES .....eoveeieeieiieiieieieie ettt 264
8.7.13. The virtual power principle.........cceoeeierierieniieiieiereeseeeeee e 268
8.7.14. The virtual work principle in case of motionless systems.................. 271
8.7.15. Other formulas useful to confirm the equilibrium ..........c.cccoevennnee. 275
8.8. Kinetostatics, virtual displacements and veloCities ...........ccoeverierieeieeeennnnne. 278
8.8.1. Relative equilibrium in rheonomous SYStems ..........cccceveevverveneeenuennne. 278
8.8.2. A’ Alembert’s PrincCiple ......c.ocverieiiieiiieiecieieeeee e 282
8.8.3. Jourdin’s PrinCiple........cceevirierieniieiieeieeieieeie e 286
8.8.4. Dynamics resolved in generalized coordinates...........ccccceeeveevereeenennne. 288
8.9. Lagrange’s equations of dynamiCs.........ccceevueeuirienieniiesieniesieeeieee e 292
8.9.1. Formulas useful in developments of Lagrange’s equations ................. 293
8.9.2. Lagrange’s equations of dynamics..........cevueerueruenienieeneneesieneeeeenen 296
8.9.3. Lagrange’s equations — case of conservative forces..........cccocvevvenennee. 299
8.9.4. Lagrange’s equations — case of both conservative and
NON-CONSEIVALIVE FOTCES ..oovviiviiiieiieiieieciieeeie e 301
8.9.5. Lagrangian based reformulation of Lagrange’s equations.................... 302
8.10. Dynamics expressed in dependent coordinates............ccoecveeverierieeieneennnnne. 303
8.10.1. Lagrange’s equations of the first Kind.........ccccooeevieniininiiniinieene, 304
8.10.2. Generalized forces of CONSIIAINES. .......cceveriiririeieieieieereree e 308
8.10.3. Dynamics of mathematical pendulum .............cccoceviiiiiiiniienienenne. 314
8.10.4. Integration of the calculated accelerations...........ccceevevveecveneeneennenne. 318
FarewellS .....c..cooooiiiiiiiiiiiiec e 320

BibLiography .........oooiii e s 321






Preface

The primary intention of Author of the present book was to draw up a monographic
picture of the contemporary attempts used to describe the Newtonian and Lagrangian
Mechanics. But concurrently, the book can be recognized as a supplementary educa-
tional material, useful for the graduate courses in Mechanics taken by students major-
ing in Mechanical Engineering, Civil Engineering or Physical Science. The Faculty of
Mechanical Engineering and Ship Technology at Gdansk University of Technology offers
two intermediate-level undergraduate courses of mechanics, followed by an additional
higher-level graduate course. And therefore, among the students, the book could be useful
primarily for students of the higher-lever graduation, since it evolved from the Author’s
experiences and from his lecture notes used in the abovementioned more advanced one
of the courses of mechanics. It has also some consequences in arrangement of struc-
ture of the present book. But we have to underline it, from the early beginning, the
book was intended to express the subject wider and deeper that a textbook dedicated
to a course. It is strongly recommended to the readers and the students, who intend to
read this book, to take a contact with some elements of theory of Mechanics and of
mathematics, previously. With a limited amount of exceptions, the students who took
the undergraduate courses had obtained the experience necessary to read this book. The
experience is not a homogenous one, but vital, since they had an occasion to follow the
introductory courses in Mechanics at the undergraduate level. Moreover, many of them
had also followed advanced courses of physics, or at least, they had followed general
calculus-based courses of physics at the university. Thus, we may assume that a bit of
a solid background knowledge in Mechanics already exists in their cases. In addition,
certain familiarity with basic concepts of mathematics is also vital for reading this book.
We should recommend that courses in differential/integral calculus, differential equations
and matrix algebra should precede the reading of this book and eventual courses based
on the contents of the book. The readers should understand such concepts as Taylor
expansions in polynomial series for multivariate functions; partial derivatives; the chain
rule of differentiation. Some elementary knowledge about vector and matrix calculus is
also worth for recommendation.

Following the idea of monographic presentation, a certain conclusion should be drawn,
and we fully agree with that opinion, we have included a bit too much of theoretical infor-
mation in this book in compare to the ones that can be rationally presented in a semester
of a graduate course. But it is an intentional decision, since the intention was to write
a standalone monographic book. We hope, the book can be used as the supplementary
material. It should help to construct and to supervise the course, but also it should help
to extend the fundamental knowledge obtained during the course with some additional
aspects. It is the task of the teachers and of their experience to select these parts and



elements of the book which they feel as fundamental or constitutive for the presented by
them course in mechanics.

If selected as an element of a course, the book may not be considered as a standalone
element used in the learning process. The process will be much more effective, when the
book will be used as a part of synchronised actions, which all involves the students in
their active learning process. Standard lectures with some active visual presentations and
derivations of formulas, dialogs within the groups of students, seminars and exercises are
essential for the educational success. The pressure to present as much as possible of the
theoretical information in the lecture can be ineffective, since it tends to reduce all the
potential introspective discussions to a minimum. Reading the book alone will not fill
this gap, also. Students tend to read texts rather superficially, “from the outside” or “on
the surface”, only. They tend to accept the facts, but without any deeper reflection about
the conditions and/or applications. And therefore, the afore-mentioned more sophisticated
process, the one obtainable from merging of lectures, exercises and seminars, has its
fundamental meaning in the educational process resulting of the course associated with
in the book.

A short synopsis of the subsequent chapters follows:

* Chapter 1. Few words of introduction focusing on the domain, branches and the
primary assumptions of mechanics;

* Chapter 2. A brief introduction to the fundamental concepts and principles of algebra
of vectors;

* Chapter 3. Kinematics of particles, mainly focused on non-Cartesian coordinates used
in mathematical descriptions of kinematics;

* Chapter 4. Dynamics of particles; focused on Newton’s laws of motion; motion of
particles in one and in three dimensions; dynamics expressed in inertial and
non-inertial frames of reference; the principles of linear momentum and of
angular momentum of particle; work and energy principles;

 Chapter 5. Kinematics and dynamics of spherical motion of rigid bodies; Euler’s
angles; angular velocities and angular accelerations; conical surfaces of
angular velocity vectors, steady precession, angular momentum of bodies
in their spherical motion, Euler’s equations of dynamics for bodies in their
spherical motion; kinetic energy formulae;

e Chapter 6. Kinematics and dynamics of general motion of rigid bodies; linear velocity
and linear acceleration of points that belong to the same body; linear and
angular momentum of rigid body; Newton-Euler’s dynamics equations;
kinetic energy;

 Chapter 7. Simplified theory of gyroscope;

* Chapter 8. Mechanics expressed with use of Lagrange’s formalism; constraints and
the constraint equations; main principles used in classifications of the
constraints; generalized coordinates; virtual displacements and conse-
quences of the virtual work principle; virtual velocities and the virtual



power; generalized forces and the generalized equation of dynamics
(d’Alembert’s principle); two types of Lagrange’s equations; selected alter-
native principles of equilibrium.

Few advices to students who intends to read the book

Dear Readers, learning and understanding Mechanics is an active and continuous process.
It requires in a drop of experiences and repetitions. When you were learning to swim,
ride a bicycle or to play the guitar, You have not expected that the results would come
over a day. To learn this, you had practiced the related technique until it became a kind
of your second nature. Falling off the bicycle was not a tragedy. A false note of the guitar
wasn’t it, also. Truly speaking, it was a kind of inspiration to practice more. Learning
Mechanics is exactly the same kind of activity. To learn it, the knowledge of elements
of Mechanics must become a part of your intuitive nature. Not all the aspects become
evident after a single reading. But it is the same, like with the fall off the bicycle. It
should be an inspiration to practice more. Anyone, even me, had to practice hard in order
to understand mechanics. And furthermore, more you know - more of the aspects arise
again and you would like to reconsider them one more time. You should understand and
accept it, the learning is an active process. One thing is to watch your lecturer solving
a problem or developing a formula, when all the steps seem to be logical ones. But, it
is a quite another thing and difficulty to try to solve the problem on your own. Learning
is not an “art of appreciation”. It is a “made it yourself” type of activity. The key of the
success is not in the classroom. It is outside of the classroom. It is the way you study
alone. The last minute, or the “all night”, studies are the straight ways to a self-destruction
and to defeats during exams. Thus, you are strongly recommended against to try to learn
this way. You should reserve a regular time for studying the material. You should avoid
any unnecessary distractions when reading. You should think about theories or problem
earlier that a day before your knowledge is evaluated. Try to mark all the aspects and the
theories you do not understand, and try to read again the material few days after. Discuss
the problems with the students and with the lecturers. Do not hesitate to ask the others.
Read other books. Try to find some alternative descriptions of the problems which you
have not understood. Try to memorize what notations are used and what these notations
mean. We have observed that lack of the familiarizations with the used symbols is one of
the biggest problems during the discussions. To memorize them, it requires in time and
in practice. You should repeat their meaning, until their interpretations will not become
automatic. And when you do not understand the aspects which you are reading, try to
construct your own simple and elemental examples. Never let the lack of the understand-
ing remains — ask someone. When you discover a set of problems which you cannot
understand, do not assume they are clear to everyone, except you. Ask the other students,
it can help you to see that some of them are also not able to understand it, and that the
others have spent a lot of time to understand.
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